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Abstract 

Under the hypotheses of analyticity, locahty, Lorentz covariance, 
and Poincare invariance of the deformations, combined with the re- 
quirement that the interaction vertices contain at most two space-time 
derivatives of the fields, we investigate the consistent cross-couplings 
between two collections of tensor fields with the mixed symmetries of 
the type (3, 1) and (2, 2). The computations are done with the help of 
the deformation theory based on a cohomological approach in the con- 
text of the antifield-BRST formalism. Our results can be synthesized 
in: 1. there appear consistent cross-couplings between the two types of 
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field collections at order one and two in the coupling constant such that 
some of the gauge generators and of the reducibility functions are de- 
formed, and 2. the existence or not of cross-couplings among different 
fields with the mixed symmetry of the Riemann tensor depends on the 
indefinite or respectively positive-definite behaviour of the quadratic 
form defined by the kinetic terms from the free Lagrangian. 

Keywords: BRST symmetry; BRST cohomology; mixed symmetry 
tensor fields. 

PACS number: ll.lO.Ef 

1 Introduction 

Tensor fields characterized by a mixed Young symmetry type (neither com- 
pletely antisymmetric nor fully symmetric) [H [2l [3l HI |5l |6] attracted the 
attention lately on some important issues, like the dual formulation of field 
theories of spin two or higher [TJ El El [ini ttH [ISl [13], a Lagrangian first-order 
approach [H] to some classes of massless mixed symmetry-type tensor gauge 
fields, suggestively resembling to the tetrad formalism of General Relativity, 
or the derivation of some exotic gravitational interactions ^3 [16] . 

There exist in fact three different dual formulations of linearized gravity 
in D dimensions: the Pauli-Fierz description [T71 [TH] , the version based on 
a massless tensor field with the mixed symmetry [D — 3,1) [21 [SI [H], and 
the formulation in terms of a massless tensor field with the mixed symmetry 
{D — 3,D — 3) [201 l2l]- The last two versions are obtained by dualizing 
on one and respectively on both indices the Pauli-Fierz field [7]. These 
dual formulations in terms of mixed symmetry tensor gauge fields have been 
systematically investigated from the perspective of M-theory [221 12S1 IM]- 

An important matter related to the dual formulations of linearized grav- 
ity is the study of their consistent interactions, among themselves as well as 
with other gauge theories. The most efficient approach to this problem is 
the cohomological one, based on the deformation of the solution to the mas- 
ter equation [25]. Since the mixed symmetry tensor fields involved in dual 
formulations of linearized gravity allow no self-interactions, it was believed 
that they are also rigid under the introduction of couplings to other gauge 
theories. Nevertheless, recent results prove the contrary. For instance, it was 
shown that some theories with massless tensor fields exhibiting the mixed 
symmetry {k, 1) can be consistently coupled to a vector field {k = 3) [26j, to 
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an arbitrary p-form {k = 3) [27], to a topological BF model {k = 2) [2S], and 
to a massless tensor field with the mixed symmetry of the Riemann tensor 
{k = 3) [29]. There is a revived interest in the construction of dual gravity 
theories, which led to several new results, viz. a dual formulation of lin- 
earized gravity in first order tetrad formalism in arbitrary dimensions within 
the path integral framework [30] or a reformulation of non-linear Einstein 
gravity in terms of the dual graviton together with the ordinary metric and 
a shift gauge field [31]. 

A major result concerning spin-two fields within the standard formulation 
of Einstein-Hilbert gravity is the impossibility of cross- couplings in multi- 
graviton theories, either direct [32] or intermediated by a scalar field [32], 
a Dirac spinor [33], a massive Rarita-Schwinger field [31], or a massless p- 
form [35]. The same no-go outcome has occurred at the level of multi-Weyl 
graviton theories |36[ [37] and also in relation with dual formulations of lin- 
earized gravity [38| 127] . These no-go results on multi-graviton theories are 
important since they provide new arguments for ruling out > 8 extended 
supergravity theories, as they would involve more than one graviton. 

The aim of this paper is to combine the study of consistent interac- 
tions between two different dual formulations of linearized gravity with the 
analysis of cross-couplings in collections of such dual multi-graviton theo- 
ries. More precisely, we generate all consistent interactions in a collection 

of massless tensor fields with the mixed symmetry (3, 1), ji^^j^i^l , and 

a collection of massless tensor fields with the mixed symmetry of the Rie- 



of cross-couplings among different spin-two fields (with the mixed symmetry 
of the Riemann tensor) intermediated by the presence of tensor fields with 
the mixed symmetry (3,1). Our analysis relies on the deformation of the 
solution to the master equation by means of cohomological techniques with 
the help of the local BRST cohomology, whose component in a single (3, 1) 
sector has been reported in detail in [39] and in a single (2, 2) sector has been 
investigated in [iQl HI]. The self- interactions in a collection of tensor fields 
with the mixed symmetry (3, 1) and respectively (2, 2) has been approached 
in [42j|. We work in the standard hypotheses on the deformations: analyt- 
icity in the coupling constant, locality, Lorentz covariance, Poincare invari- 
ance, and preservation of the number of derivatives on each field (derivative 
order assumption). The derivative order assumption is translated here into 




a=l,n 



Special attention will be paid to the existence 
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the requirement that the interaction vertices contain at most two space-time 
derivatives acting on the fields at all orders in the coupling constant. 

We show that there exists where the deformed solution to the mas- 
ter equation outputs non-trivial cross-couplings. It stops at order two in the 
coupling constant and is defined on a space-time of dimension D — 6, i.e. 
precisely the dimension where the free fields with the mixed symmetry (3, 1) 
become dual to the linearized limit of Hilbert-Einstcin gravity. The interact- 
ing Lagrangian action contains only mixing-component terms of order one 
and two in the coupling constant. Both the gauge transformations and first- 
order reducibility functions of the tensor fields (3, 1) are modified at order one 
in the coupling constant with terms characteristic to the (2, 2) sector. On the 
contrary, the tensor fields with the mixed symmetry (2, 2) remain rigid at the 
level of both gauge transformations and reducibility functions. The gauge 
algebra and the reducibility structure of order two are not modified during 
the deformation procedure, being the same like in the case of the starting free 
action. The most important result is that the existence of cross-couphngs 
among different fields with the mixed symmetry of the Riemann tensor is 
essentially dictated by the behaviour of the metric tensor in the inner space 
of collection indices a = l,n, k = (kab) (the quadratic form defined by the 
kinetic terms from the free Lagrangian density for the fields < ^ui/IkB \ )■ 

L ' J a=l,n 

Thus, if k is positive-definite, then there appear no cross- couplings among 
different fields from the collection • On the contrary, if k is 

indefinite, then there are allowed cross-couplings among different fields from 
this collection. 

2 Brief review of the deformation procedure 

There are three main types of consistent interactions that can be added to a 
given gauge theory: (i) the first type deforms only the Lagrangian action, but 
not its gauge transformations, (ii) the second kind modifies both the action 
and its transformations, but not the gauge algebra, and (iii) the third, and 
certainly most interesting category, changes everything, namely, the action, 
its gauge symmetries, and the accompanying algebra. 

The reformulation of the problem of consistent deformations of a given 
action and of its gauge symmetries in the antifield-BRST setting is based on 
the observation that if a deformation of the classical theory can be consis- 
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tently constructed, then the solution S to the master equation for the initial 
theory can be deformed into the solution S of the master equation for the 
interacting theory 

S ^ s = S + gSi + g'S2 + g'S3 + g'S, + --- , (1) 
{S, S) = ^ {S, S) = 0. (2) 

The projection of ([2]) for S on the various powers of the coupling constant 
induces the following tower of equations: 

g' : {S,S) = 0, (3) 
g' : (5i,S) = 0, (4) 

g' : iS2,s) + ^is^,s,) = o, (5) 

g' : iSs,S) + iSuS2)=0, (6) 
g' : (S,,S) + iSuSs) + ^iS,,S2)=0, (7) 



The first equation is satisfied by hypothesis. The second one governs the 
first-order deformation of the solution to the master equation, 5*1, and it 
expresses the fact that 5*1 is a BRST co-cycle, sSi = 0, and hence it exists 
and is local. The remaining equations are responsible for the higher-order 
deformations of the solution to the master equation. No obstructions arise in 
finding solutions to them as long as no further restrictions, such as space-time 
locality, are imposed. Obviously, only non-trivial first-order deformations 
should be considered, since trivial ones {Si = sB) lead to trivial deformations 
of the initial theory, and can be eliminated by convenient redefinitions of 
the fields. Ignoring the trivial deformations, it follows that 5*1 is a non- 
trivial BRST-observable, 5*1 e {s) (where (s) denotes the cohomology 
space of the BRST differential in ghost number zero). Once the deformation 
equations ((|l])-(I7j), etc.) have been solved by means of specific cohomological 
techniques, from the consistent, non-trivial deformed solution to the master 
equation one can extract all the information on the gauge structure of the 
resulting interacting theory. 
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3 Free model: Lagrangian formulation and 
BRST symmetry 

We start from a free theory in D > 5 that describes two finite collections 
of massless tensor fields with the mixed symmetries (3, 1) and respectively 
(2,2) 

where 



_3 
+3 



(9) 



- (S.rrl'^O {dprtJ + (d^rf) {d\l^) } d^x. (10) 

Everywhere in this paper we employ the flat Minkowski metric of 'mostly 
plus' signature af^" — a^i, — ( — [- + + + ...)■ The uppercase indices A, B, 
etc. stand for the collection indices of the fields with the mixed symmetry 
(3, 1) and are assumed to take discrete values: 1,2,.. ., N . They are lowered 
with a symmetric, constant, and invertible matrix, of elements fc^s, and are 
raised with the help of the elements k"^^ of its inverse. This means that 
tT^" = kABt^^^''^^ and = k^^tBx,..\n- Each field i^^,,^ is completely 
antisymmetric in its first three (Lorentz) indices and satisfies the identity 
t^Xiiv\K] = Here and in the sequel the notation [A . . . /t] signifies complete 
antisymmetry with respect to the (Lorentz) indices between brackets, with 
the conventions that the minimum number of terms is always used and the 
result is never divided by the number of terms. The notation tj^^ signifies 
the trace of ^^^^j^, defined by = ^'^'^'^\ij.v\k- The trace components define 
an antisymmetric tensor, tj^^ = —t^x- The lowercase indices a, b, etc. stand 
for the collection indices of the fields with the mixed symmetry (2, 2) and 
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are assumed to take the discrete values 1, 2, . . ., n. They are lowered with 
a symmetric, constant, and invertible matrix, of elements kab, and are raised 
with the help of the elements k"''' of its inverse, such that ra'^'"'^ = kabr^'^'^^^^ 
and r'^i^^^i^ = k°'^rbXu\Ki3- Each tensor field r'^^^^/^ is separately antisymmet- 
ric in the pairs {/i, z^} and {/€,/?}, is symmetric under their permutation 
({/i, u} < — > {k, /?}), and satisfies the identity r^^iyi^jf^ = 0- "^^^ notations r"^ 
signify the traces of r"^ = cr^'^r'^^^^^^, which are symmetric, r"^ = r^^, 

while r"" represent their double traces, r"" = a'^^r'^^, which are scalars. 

A generating set of gauge transformations of action can be taken as 

^e,xt\Hu\K = 3ef^^,,. + 9[Ae^^]^ + 9[aX^,/]1k; (11) 

where we used the standard notation /^^ = df /dx^. All the gauge param- 
eters are bosonic, with e^^^^ completely antisymmetric and X^v\n together 
with defining two collections of tensor fields with the mixed symmetry 
(2, 1). The former gauge transformations, (fTT]) . are off-shell, second-order re- 
ducible in the space of all field histories, the associated gauge algebra being 
Abelian (see [391 US]), while the gauge symmetries (JT2l) are off-shell, first- 
order reducible, the corresponding algebra being also Abelian (see |10l W2\). 
It follows that the free theory (|8]) is a linear gauge theory with the Cauchy 
order equal to four. The simplest gauge invariant quantities are precisely the 
curvature tensors 

T^\^lui\K|3 _ ,[ij.v^,\]\[I3,k] rpa _ „a /i oN 

—^A ' ^ ij.u\\Kl3-i — ' [ij.u,\]\[Kl3aV ^ ' 

and their space-time derivatives. It is easy to check that they display the 
mixed symmetry (4, 2) and (3, 3) respectively. 

The construction of the BRST symmetry for the free model under study 
debuts with the identification of the algebra on which the BRST differential s 
acts. The ghost spectrum comprises the fermionic ghosts |'7a^i/5 ^^,^1^5 

respectively associated with the gauge parameters ^^\p,p-,X^u\K-:^%\K^ from 
( ITTj) and ( IT2|) . the bosonic ghosts for ghosts {C^,^, G^^, C^^} due to the first- 
order reducibility, and the fermionic ghosts for ghosts for ghosts {C"^} cor- 
responding to the maximum reducibility order (two). We ask that rj^^^^, C^^, 
and C^^ are completely antisymmetric, ^^^|^ and exhibit the mixed sym- 
metry (2, 1), and are symmetric. The antifield spectrum comprises the 
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antifields ra j associated with the original fields and those corre- 

spondmg to the ghosts, gT^\ C^l^}, {CT . GT . }, and {CJ}. 

The antifields are required to satisfy the same symmetry, antisymmetry, or 
mixed symmetry properties like the corresponding fields/ghosts. Related 
to the traces of the antifields, we will use the notations t*^^ — 0^^^^^^^'^ ^ 

I a — 'JiiKi a , anu / ^ — aii^i „ . 

Since both the gauge generators and rcducibility functions for this model 
are field- independent, it follows that the BRST differential s simply reduces 
to 

s = 5 + 7, (14) 

where 5 represents the Koszul-Tate differential, graded by the antighost num- 
ber agh (agh (5) = — 1), and 7 stands for the exterior longitudinal differential, 
whose degree is named pure ghost number pgh (pgh (7) = 1). These two de- 
grees do not interfere (agh (7) = 0, pgh (5) = 0). The overall degree that 
grades the BRST complex is known as the ghost number (gh) and is defined 
like the difference between the pure ghost number and the antighost num- 
ber, such that gh (s) = gh (5) = gh (7) = 1. According to the standard rules 
of the BRST method, the corresponding degrees of the generators from the 
BRST complex are valued like 

pgh (ttnO = = pgh [rl^\^p) , 
pgh «.) = pgh (6?^., J = pgh J = 1, 
pgh (C^,) = pgh {Gt) = pgh {ClJ) = 2, pgh {C^) = 3, 
pgh($X)=0 = agh($^), 

agh {tT^'') = 1 = agh {rr\^^) , 

agh (r^T') = agh (pT^'') = agh {Cr\^) = 2, 
agh {CT) = agh {GT) = agh {CD = 3, agh (C^) = 4, 
where we made the notations 

jijA {±A a A pA na r^A /^A na r^^\ (■\ r\\ 

^* j ,*Xij,i'\k *ij,u\k/3 „*A/Uv p*ij,i'\k p*^u\k ^*i/k p*^^ /^*u\ f^c^ 

The Koszul-Tate differential is imposed to realize a homological resolution 
of the algebra of smooth functions defined on the stationary surface of field 
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equations, while the exterior longitudinal differential is related to the gauge 
symmetries (see relations (ITT]) and f ll2p ) of action through its cohomol- 
ogy at pure ghost number zero computed in the cohomology of 6, which is 
required to be the algebra of physical observables for the free model under 
consideration. The actions of 6 and 7 on the generators from the BRST 
complex, which enforce all the above mentioned properties, are given by 

tCik = -^d^^vU] + 49[Ar7^,], + (17) 

= -\d[xC%^, (19) 

7^;i|K = 29[^C;^^] - W[f,C^^^^ + c^i^G^j^;, (20) 

7C^^|. = 29.C»,-a[,C",],, 7C;. = 0, (21) 

^C^^ = dy,C% ^Gt = -^d^uC% 7C,^ = 0, (22) 

7$^ = = 5$^, (23) 

Sf^^''^^ = tJ^'I", 5rif^^ = -49,t^^'^''l", (24) 

^ (^3^^^^- _ f^^-^-lA ^ (25) 



SC*/" = 3dx (qT^^ - ^vT"^ , SGT = d^g*/^''^^\ (26) 
SC*/ = 6d, (^GT - ICT^ , (27) 
^^*H^I3 ^ li^MH'^/J^ SC*"'^^" = -Ad^r*/"^''^ , SC*/" = Sd^C*/"^"", (28) 

where T^^'^^^ = SSySt^^^^ and SSySr^a"^^^ ^ _ (1/4) i?^^,^^. By conven- 
tion, we take 6 and 7 to act like right derivations. 

We note that the action of the Koszul-Tate differential on the antifields 
with the antighost number equal to two and respectively three from the (3, 1) 
sector gains a simpler expression if we perform the changes of variables 



The antifields g'^^^^^^ are still antisymmetric in their first two indices, but do 
not fulfill the identity ^^['^'^I'^l = q, and G'^'^ have no definite symmetry or 
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antisymmetry properties. With the help of relations f l24p - (127|) . we find that 
S acts on the transformed antifields through the relations 



= -SaAC^"'", = 2d^gT"^\ 6C*/ = 6d^GT. (30) 

The same observation is valid with respect to 7 if we make the changes 

g'l^\K = g^u\K + ^V^UK^ G'^K = " (31) 

in terms of which we can write 

(32) 

Again, ^^"^|^ are antisymmetric in their first two indices, but do not satisfy 
the identity Q'\^y\i^] = 0, while G'^ have no definite symmetry or antisym- 
metry. We have deliberately chosen the same notations for the transformed 
variables fl29p and fl3ip since they actually form pairs that are conjugated in 
the antibracket 

The Lagrangian BRST differential admits a canonical action in a structure 
named antibracket and defined by decreeing the fields/ghosts conjugated with 
the corresponding antifields, s- = {-,3), where (, ) signifies the antibracket 
and S denotes the canonical generator of the BRST symmetry. It is a bosonic 
functional of ghost number zero, involving both field/ghost and antifield 
spectra, that obeys the master equation [S, S) = 0. The master equation 
is equivalent with the second-order nilpotency of s, where its solution S 
encodes the entire gauge structure of the associated theory. Taking into 
account formulas (|T7j) - fl28|) as well as the standard actions of 6 and 7 in 
canonical form, we find that the complete solution to the master equation 
for the free model under study is given by 

S = S' + S', (33) 

where 
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(34) 



+Crl''(29«C^,-9[,r,]J]ci^a;. (35) 



4 Computation of basic cohomologies 

In the sequel we investigate the consistent couphngs that can be added to the 
free theory ([8]) without modifying either the field spectrum or the number 
of independent gauge invariances. In view of this we apply the deformation 
procedure based on local BRST cohomology exposed in section [2] and solve 
equations (|l])-([7]), etc. The space-time locality of the deformations is en- 
sured by working in the algebra of local differential forms with coefficients 
that are polynomial functions in the fields, ghosts, antifields, and their space- 
time derivatives (algebra of local forms). In other words, the non-integrated 
density of the first-order deformation, a, is assumed to be a polynomial func- 
tion in all these variables (algebra of local functions). The derivative order 
assumption restricts the interaction Lagrangian to contain only interaction 
vertices with maximum two space-time derivatives. 

It is natural to decompose a as a sum of three components 

a = a' + a' + a'"\ (36) 

where a* denotes the part responsible for the self-interactions of the fields 
^A/ii/|K' related to the self-interactions of the fields and a™* signifies 

the component that describes only the cross-couplings between and 
r°^l^^, so each term must mix the BRST generators from the two sectors. 
According to decomposition (!36|) . equation sa = d^j_m^ becomes equivalent 
with three equations 

sa* = d^m^, sd = d^m'^, sa™* = d^m^^^. (37) 

The most general solutions to the first two equations from flTTI) were ap- 
proached in [l2], where it was shown that 

a* = 0, a' = Car", (38) 
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with Ca some arbitrary, real constants and the contractions of order two 
of the fields r'^^^^^p. In the sequel we approach the last equation from ( P7|) . 

Developing a™* according to the antighost number and assuming that this 
expansion stops at a maximum, finite value I of this degree, we find that the 
equation sa™* = 9^"^(^t becomes equivalent to the chain 





1< 


— O'^^int) 




(39) 




+ 74-1 


— m jjj^.. 




(40) 


5at 


+ 7a^i 


f) ^^"^^^ 
— Ofj, m jjj^. 


/ - 1 > A; > 1. 


(41) 



Equation fl5^ can be replaced in strictly positive values of the antighost 
number with 

74°* = 0, agh (4°*) = / > 0. (42) 

At this stage we notice that equation sa™* = d^m'^^^ means that a™*(i^a; G 
H^^^{s\d), while equation shows that for / > af^ e H* {j) (coho- 
mology algebra of the exterior longitudinal differential 7 computed in the 
algebra of local functions mentioned in the above). Consequently, we need 
to compute H* (7). Combining the results inferred in [3^ on the cohomology 
algebra of the exterior longitudinal differential in each sector, we obtain that 
the cohomology algebra H*{^) computed in the algebra of local functions is 
generated on one hand by the antifields (ITB]) . the curvature tensors (IT^ . and 
their space-time derivative and, on the other hand, by the ghosts or ghost 
combinations J'iJ,^^,, C^, C^^, and d^^Cl^-^, where 

^tu. = d[xvUv (43) 

Therefore, the general, local solution to equation is expressed (up to 
trivial, 7-exact contributions) by 

af = aj {[K^] , n , (J-,V,C^„9[,C:,],C7,^) . (44) 

The notation /([g]) means that / depends on q and its derivatives up to a 
finite order. In the above denote all the antifields (see formula (fT6|) ) and 
uj^ represent the elements of pure ghost number I (and antighost number 
zero) of a basis in the space of polynomials in J-'x^^^^, C^,^, and C^. 

The objects aj are non-trivial elements of the space (7) and by hypothesis 
are polynomials in all the quantities on which they depend, so they are 
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nothing but the invariant polynomials of the free theory (|H]) in form degree 
equal to zero. 

Replacing solution into equation fj40|) . we get that a necessary condi- 
tion for the existence of non-trivial solutions af^i for / > is that the invari- 
ant polynomials aj appearing in dH]) generate non-trivial elements from the 
characteristic cohomology {S\d) in antighost number / > 0, maximum 
form degree, and pure ghost number equal to zerc0 computed in the algebra 
of local forms, ajd^x G Hf {S\d). As the free model under study is a linear 
gauge theory of Cauchy order equal to four, the general results from [33] 
ensure that 

HfiS\d) = 0, j>4. (45) 

Meanwhile, it is possible to prove (see, for instance. Appendix B, Theorem 
3, from [39]) that if ajd^x is a trivial element of {^\d) for j > 4, then 
it can be chosen to be trivial also in the local cohomology of the Koszul- 
Tate differential computed in the space of invariant polynomials in antighost 
number j and maximum form degree (invariant characteristic cohomology), 
Hf"^ {6\d). This is important since together with (I45p ensures that the entire 
invariant characteristic cohomology is trivial in antighost numbers strictly 
greater than four 

Hf^^^{6\d)=0, j>4. (46) 

With the help of the general results from [12] on the characteristic co- 
homology in the (3, 1) and respectively (2, 2) sector, we identify the non- 
trivial and Poincare- invariant representatives of the spaces (^H^ {^\d)) .^^ and 

All the coefficients from Table [T] denoted hj f or g define some constant, 
non-derivative tensors. We remark that there is no non-trivial element in 
(^Hj^ {S\d))^^^ or (if™^^ {5\d))^^^ that effectively involves the curvature ten- 
sors and/or their derivatives, and the same stands for the quantities that 
are more than linear in the antifields and/or depend on their derivatives. 
In principle, one can construct from the above elements in Table [1] other 
non-trivial invariant polynomials from Hj' {6\d) or if™^^ (5|(i), which de- 
pend on the space-time co-ordinates. For instance, it can be checked by 
direct computation that fj^^i^pX'^d^x, with /^^^ some completely an- 

tisymmetric and constant tensors, generate non-trivial representatives from 

"'^We recall that the local cohomology (^M) is completely trivial at both strictly 
positive antighost and pure ghost numbers (for instance, see [33], Theorem 5.4 and [H])- 
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Table 1: Non-trivial representatives spanning {^\d) and H^^^ {^\d) 



agh 


H'^ {5\d), Hf''^ {5\d) 


J > 4 


none 


J =4 


f u ^ A. ^ *^ 


J = 3 




J = 2 


+ d^x 



both ifl' and if™^^ However, we will discard such candidates as 

they would break the Poincare invariance of the deformations. In contrast to 
the groups [Hj' {S\d)) and [H^^^ ('^M))j>2' "^^ich are finite-dimensional, 
the cohomology {^\d) at pure ghost number zero, that is related to global 
symmetries and ordinary conservation laws, is infinite-dimensional since the 
theory is free. 

5 First-order deformation 

The previous results on {^\d) and HJ"^ {^\d) are important because they 
control the obstructions to removing the antifields from the first-order defor- 
mation. Indeed, due to fH6l) . it follows that we can successively eliminate all 
the pieces with the antighost number j > 4 from the non-integrated density 
of the first-order deformation by adding only trivial terms, so we can take, 
without loss of non-trivial objects, the condition J < 4 in the first-order 
deformation. The last representative, a™*, is of the form (jBl), where the in- 
variant polynomials necessarily generate non-trivial objects from HY"^ {^\d) 
if J = 2,3,4 and respectively from {^\d) if / = 1. The cases J = 4 and 
/ = 3 lead to purely trivial solutions and will be analyzed in Appendix 1X1 
Next, we approach the case 1 = 2 

= a'^' + af + af, (47) 

where a™* is the general solution to the homogeneous equation 703"* = 0, 
and thus of the type fl44l) for 1 = 2, with 0:2 an invariant polynomial from 
H'^""^ {5\d). With the help of Table □ for j = 2, we obtain that the general 
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solution fulfilling all the working hypotheses takes the form 

QT^' {PatTx, + Qt^rA^^C^i) ' (48) 



where Paufa QauuB some non-derivative, real constants, with the 

prop( 
infer 



properties P^^^^^ = -P^/^^^ and Q^^^^l = Qt]t7^ ■ Acting with 5 on (HHD, we 



54" = 7A1 + d'^k, + er^'P^A^rCl^^. (49) 

where 

\ _ .*TiJ.u\p -pA\p pa I 3j.*rM!^l/3^AApfro pa (r:(\\ 

From fH^ we find that a™* as solution to equation (HQ]) for / = 2 exists if 
and only if the last term in the right-hand side of (H^ is 7-exact modulo d 

t*r^'PaMrC%] = + 9'^^- (51) 

Taking the (left) Euler-Lagrange derivative of the above equation with re- 
spect to fj^^"^^ and recalling the anticommutativity of this operation with 7, 
we deduce 

C/Aai=7(^-^)- (52) 
The previous equation reduces to the requirement that the object 

Pa^u'Ar^M, (53) 

which is a non-trivial element of (7) (see relation dSD), must be 7-exact. 
This holds if and only if -P^"^^ = 0. The last result replaced in formulas 
gHD-dSOD yields 

^int ^ gT^'Qt^^r^dy,Cl^^^ (54) 

= 7(|r^'X'.7^[ACHk)+^'^^M- (55) 

Equation (!55|) produces in a simple manner the solution a™* to equation (140!) 
for / = 2 as 

o 

int _ ^ ,*Tpu\l3^AXpcT a pa , -int /r^N 
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where a'"* means the general solution to the homogeneous equation 7a™* = 0. 
Recalling once more all the working hypotheses, we conclude that 

"1 — 'a A^iukP^ aT'ySi I'J'J 

where Z'^^J^p denote some real, non-derivative constants, which are com- 
pletely antisymmetric with respect to the indices {a, r, 7,^}. Due to the 
mixed symmetry properties of the antifields t*^'^'^^^ and Va^^^"^^ , the only co- 
variant choice of the tensors Q'^^^p and ^^"^XI/? in -D > 5 that does not end 
up with trivial solutions reads as 

QAXpa ^ fA^ Apcr ^ fA\\'nn'aa' rvaar^S n /troN 

with e^ui3\'p'a' the six-dimensional Levi-Civita symbol and some real con- 
stants. Inserting (158|) in formulas ( l54l) and (l56l)-(l571) and recalling transfor- 
mations (1291) . we finally obtain 

,int 



a. 



-2/>AM.p/3,t^"^'^ (^d''r^\ - Isid^T'^^^ , af = 0. (60) 



The last term from the right-hand side of a™* is vanishing due to the identity 
_^*lXfj.u\K] ^ j^^g been introduced in order to restore the mixed sym- 

metry (3,1) of the Euler-Lagrange derivatives d^a^^^ /St*^^'^^'^ . By means of 
( 160|) we infer 



6ar = 7 



+ d^P,- (61) 



The last relation generates the interacting Lagrangian at order one in the 



coupling constant as the solution a™ of equation fHTj) for A; = 1 

Here, a™* is the general solution to the 'homogeneous' equation 

r<' = d,ml,, (63) 
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which cannot be replaced any longer with the homogeneous one since the 
antighost number is vanishing, 1 = 0. Without entering technical details, 
we mention that the solution to equation fl63|) that fulfills all the working 
hypotheses is also trivial 

= 0. (64) 

The proof of this result is done in Appendix [Bl 

Putting together the results expressed by formulas fl59|) - fl60|) . fl62l) . and 
flM|) . we can state that the most general form of the first-order deformation 
associated with the free theory ([8]) reads 



Si 



[Car' + fte,,,^p,^*r^d^r^^ 



d^x (65) 



and is defined on a space-time of dimension D = Q. 



6 Higher-order deformations 

In the sequel we approach the higher-order deformation equations. The 
second-order deformation is controlled by equation After some com- 
putations, with the help of relation fl65|) we arrive at 

' (66) 

such that the second-order deformation of the solution to the master equation 
reduces to 

S2 = flh^ J (-5r.^''l['^^-Vt|[.,„] + QrJ^'^''^,,.,) d\ (67) 

where 

Introducing relations fl65|) and fl67j) into the equation corresponding to the 
third-order deformation, (E]), and observing that (5*1, S2) = 0, it follows that 
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we can take 



^3 = 0. 



(69) 



Under these conditions, it is easy to see that all the remaining higher-order 
deformation equations are fulfilled with the choice 



In conclusion, the complete deformed solution to the master equation for the 
model under study, which is consistent to all orders in the coupling constant, 
reduces to 



where 5* is the solution to the classical master equation for the free model in 
D = 6, (133|) . and 5*1,2 are expressed by (165!) and respectively (l67|l . 

7 Identification of the coupled model 

From relations (|7T]) , (15^ , , and we deduce the concrete form of the 
deformed solution to the master equation 



The last formula enables us to identify the entire information on the 
gauge structure of the interacting theory. In view of this, we employ the 
fact that the piece of antighost number zero from S is nothing but the La- 
grangian action of the coupled model, the terms of antighost number one 
furnish the deformed gauge symmetries, and the components of antighost 
number greater or equal to two offer us information on the associated gauge 
algebra and the reducibility structure of the generating set of deformed gauge 
transformations. As a consequence, we deduce the coupled Lagrangian action 



Sk = 0, k>3. 



(70) 



S = S + gSi + g^S2, 



(71) 




(72) 




A a 1 



18 



a\p\ 



(fx. 



(73) 



where S'o tx^y\^, ''^%\kI3 ^^^^ action (|8]) in D = 6 space-time dimensions. 

We observe that action fl73|) contains only mixing- component terms of order 
one and two in the couphng constant. Apparently, it seems that f l73|) contains 
non-trivial couplings between different tensor fields with the mixed symmetry 
of the Riemann tensor 



9 



fa fA ( f- Ap|[K/3,7] fe 



a\p\ [K,l3,a\ 



a ^ h. 



(74) 



The appearance of these cross-couplings is dictated by the properties of the 
matrix M of elements = fXf^- 

Let us analyze the properties of the quadratic matrix M. It is more 
convenient to work with the symmetric matrix M = {Mab), of elements 
Mab = fafb^AB- From ( ITOl) and ( 173|) we observe that there appear effective 
cross-couplings among different fields from the collection < i^a \ if and 

I J a=l,n 

only if the symmetric matrices M = {Mab) and k = (kab) are simultaneously 
diagonalizable. We recall k is the quadratic form defined by the kinetic 
terms of action ffTOj) . or, in other words, the metric tensor in the inner space 



of collection indices a = l,n. This means that there exists an orthogonal 
matrix O = (O" ^) that diagonalizes simultaneously |15] M and k, i.e. 



O'^ ,k 



b'^cd 



ka^a 



(75) 



where ka represent the eigenvalues of the matrix k and rria those of M. 
Indeed, if there exists a matrix O that satisfies the conditions (1751) . then 
action ( I73ll can be brought to the form 



a=l ^ 
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+9 



d^x, (76) 



'a [k/3,p] la\cj\ 
Ap|[K/3,7] ~ ^' Ap| [kI3,cj] 

a=l 



where we made the transformations 



and used the notations 

c'a = CbO\, C = f^O\. (78) 

The quantities j, from f l77|) denote the elements of the inverse of O. These 
considerations allow us to conclude that: 

1. If the matrix k is positive-definite, then the symmetric matrices M = 
(Mab) and k = [kab] are simultaneously diagonalizable and hence there 
appear no cross-couplings among different fields from the collection 
1 ^IvWB 1 • Taking k to be positive-definite might be essential for 

the physical consistency of the theory (absence of negative-energy ex- 
citations or stability of the Minkowski vacuum); 

2. If the matrix k is indefinite, then the matrices M and k cannot be 
diagonalized simultaneously (because then the matrix C = k^^M is not 
normal [13]) and therefore there appear cross-couplings among different 

fields from the collection < r° 



Ij.v\kI3 . 

' a=l,n 



The terms from fl721) that are linear in the antifields of the original fields 
give the gauge transformations of the deformed Lagrangian action, (173|l . by 
replacing the ghosts with the corresponding gauge parameters 

-2gf^e,,^pp, (^'^r^l - , (79) 
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It is interesting to note that only the gauge transformations of the tensor 
fields (3, 1) are modified during the deformation process. This is enforced at 
order one in the coupling constant by terms linear in the first-order derivatives 
of the gauge parameters from the (2, 2) sector. From the terms of antighost 
number equal to two present in fl72l) we learn that only the first-order re- 
ducibility functions are modified at order one in the coupling constant, the 
others coinciding with the original ones. Consequently, the first-order re- 
ducibility relations corresponding to the fields tf^^^i^ take place off-shell, like 
the free ones, while the first-order reducibility relations associated with the 
fields remain the original ones. Since there are no other terms of 

antighost number two in f l72|) , it follows that the gauge algebra of the coupled 
model is unchanged by the deformation procedure, being the same Abelian 
one like for the starting free theory. The structure of pieces with the antighost 
number equal to three from f l72]) implies that the second-order reducibility 
functions remain the same, and hence the second-order reducibility relations 
are exactly the initial ones. It is easy to see from ( [73|) -( l80|) that if we im- 
pose the PT-invariance at the level of the coupled model, then we obtain no 
interactions at all. 

It is important to stress that the problem of obtaining consistent inter- 
actions strongly depends on the space-time dimension. For instance, if one 
starts with action in D > 6, then one inexorably gets S = S+g J Car'^d^x, 
so no cross-interaction term can be added to either the original Lagrangian 
or its gauge transformations. 

8 Conclusions 

Results f l72|) - fl80|) lead to the following main result of our work: under the 
hypotheses of analyticity of deformations in the coupling constant, space- 
time locality, Lorentz covariance, and Poincare invariance, combined with 
the requirement that the interaction vertices contain at most two space-time 
derivatives of the fields, there appear consistent cross-couplings in D = 6 
between a collection of massless tensor fields with the mixed symmetry (3, 1) 
and a collection of massless tensor fields with the mixed symmetry of the 
Riemann tensor, with the property that they modify the free action and 
its gauge symmetries. The existence of cross-couplings among different fields 
with the mixed symmetry of the Riemann tensor is essentially dictated by the 
behaviour of the metric tensor in the inner space of collection indices a = l,n, 
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k = {kab)- Thus, if k is positive-definite, then there appear no cross- couphngs 
among different fields with the mixed symmetry of the Riemann tensor. On 
the contrary, if k is indefinite, then there are allowed cross-couplings among 
different fields from this collection. 
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A Proof of the triviality of the first-order de- 
formation for 7 = 4 and 7 = 3 

In order to solve the third equation from fl37p . we decompose a'"* along the 
antighost number and stop at / = 4 

int _ int , int , int , int , int (Q^\ 

where a™* can be taken as solution to the equation 704"^* = 0, and there- 
fore it is of the form ( l44l) for J = 4, with a^^d^x an invariant polynomial 
from Hf^^ {5\d). Because Hf^^ {5\d) is spanned by Cj (see Table ^ and 
a™* must yield cross-couplings between tj^^^\^ and r'^^^^^i^ with maximum two 
space-time derivatives, it follows that the eligible basis elements at pure ghost 
number equal to four remain 

■■ {c:fi,c:,dy,c'^,{) . (82) 

So, up to trivial, 7-exact contributions, we have that 

af = Cf [m^'^'C^^CI + NXf^'-C^.d^, Cl^^ ) , (83) 

where M^^^^ = -M^^'' = -M^''' = M^^;^^ and iV,t/'^^ = A^af^'"^ = 
iV^^^'^'"^^ are some non-derivative, real constants. Replacing 04"* into an 
equation similar to f HOj) for / = 4 and computing 5a™*, it follows that 

6ar = 7A3 + d^T, - 2G'rdyXU^ {^Mil'^'Cl + nX''"" dy,C'^„^ , (84) 
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where 



As = -G'r 



(85) 



Thus, Og"* exists if and only if the third term in the right-hand side of 
can be written in a 7-exact modulo d form 

GTd^Xl,^ (2M„t/"'a + KT'^^iA^) = + d^rr,. (86) 

Taking the (left) Euler-Lagrange derivative of the above equation with re- 
spect to G'^'^^ and recalling the anticommutativity of this operation with 7, 
we obtain 

diXl,] {2MZ'''CI + N^'^'^'d^xCi;) = 7 (-^) • (87) 

The last relation shows that the object 

dwC%^ {2MXf''Cl + iV^t/^'"^9[,C^,,]) , (88) 



which is a non-trivial element of H'^ (7) (see formula (1441) ) . must be 7-exact. 

j-AkI3Xp _ n _ t\tAkI3' 
'■abfi — U — iV^^^ 



This takes place if and only if M^^^^ = = N'^^^^^" , which further implies 



af = 0, (89) 

and hence the first-order deformation in the cross- coupling sector cannot end 
non-trivially at antighost number J = 4. 

The case J = 3 is solved in a similar manner and leads to the result 
a!f* = 0. 



B Proof of the result (1641) 



Next, we investigate the solutions to (1631) . There are two main types of so- 
lutions to this equation. The first type, to be denoted by Oq"*, corresponds 
to m(^^ = and is given by gauge- invariant, non-integrated densities con- 
structed out of the original fields and their space-time derivatives, which. 
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according to ( 14^ . are of the form a'™^ = Oq 



ings between the 



to the condition that they effectively describe cross-coup 
two types of fields and cannot be written in a divergence-like form. Such a 
solution implies at least four derivatives of the fields and consequently must 
be forbidden by setting Oq™* = 0. 

The second kind of solutions is associated with m(^^. 7^ in (1631) . being 
understood that we discard the divergence-like quantities and maintain the 
condition on the maximum derivative order of the interacting Lagrangian 
being equal to two. In order to solve this equation we start from the require- 
ment that a™* may contain at most two derivatives, so it can be decomposed 
like 

a^' = cuo + cui + UJ2, (90) 

where (cjj) -^g^ contains i derivatives. Due to the different number of deriva- 
tives in the components uq, Ui, and U2, equation f l63l) is equivalent to three 
independent equations 

^ujk = d,ji:, k = 0,1,2. (91) 

Equation ( 19T|) for k = implies the (necessary) conditions 

^^)^°' 'i^y-'- 

The last equation from fl92|) possesses only the constant solution 



ka {a^^a"^ - a^'^a'"') , (93) 



where ka are some real constants, so we find that 

u;o = 2fc,r" + B (tf^,, J . (94) 
Since uo provides no cross-couplings between and r^^^i^^, we can take 

Wo = (95) 

in (EO]). 

As a digression, we note that the general solution to the equations 

g^fXM- ^ 0, 9,f^^"l" = (96) 
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(with tJ'^"!" some covariant tensor fields with the mixed symmetry (3, 1)) 
reads as |39] 

^VH- _ d^d^^f"^^''^, (97) 

where $^'^'^^1'^'' are some tensors with the mixed symmetry (4, 2). A constant 
solution c^^'^^'^ is excluded from covariance arguments due to the mixed sym- 
metry (3, 1). Along the same line, the general solution to the equations 

d^jlH^P = (98) 

(with Ra'^^'^^ some covariant tensor fields with the mixed symmetry (2, 2)) is 
represented by 



= c'pS^f^r"'"'^^ + ka (a^V^ - cT^'^a"") , (99) 

where Vta'^^^'^^''^ are some tensors with the mixed symmetry (3, 3) and ka some 
arbitrary, real constants. Now, it is clear why the solution to the last equation 
from (!92l) reduces to (!93|) : d^o / dr^^^^^^i^ display the mixed symmetry (2,2), 
but are derivative-free by assumption, so some terms similar to the former 
ones from the right-hand side of (19^ are forbidden. 
Equation fl9ip for k = 1 leads to the requirements 

K^)-' ^^)-' « 

where ^'^i/ 5't\^y\^ and ^^il denote the Euler-Lagrange derivatives of 
Ui with respect to the corresponding fields. Looking at fl97j) and fl99|) and 
recalling that Ui is by hypothesis of order one in the space-time derivatives 
of the fields, the only solution to equations fllOOp reduces to 

= (101) 



I . 5t\ 

^U\Kp AfJ.U\K 

This solution forbids the cross-couplings between the two types of fields, so 
we can safely take 

ui = 0. (102) 
Finally, we pass to equation f l9T|) for /c = 2, which produces the restrictions 
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with the solutions (see formulas (P7|) and 

— - \ in/'^\ K-rr 



Xij,u\k 



fJ.U\Kp 



(104) 



The tensors W 



Xfj.U'ylKcr 



have the mixed symmetry of the curvature tensors 



^^wyina ^-^^ teusors f/^'^'^l'^^"' exhibit the mixed symmetry of the cur- 
vature tensors pl^'^"'^'^^'^ _ Both types of tensors are derivative- free since 002 
contains precisely two derivatives of the fields. At this stage it is useful to 
introduce a derivation in the algebra of the fields and of their derivatives that 
counts the powers of the fields and of their derivatives 



N 



E 

fe>0 



ip^i...fiJ'X^u\i^ 



d 



did 



d 



(105) 



so for every non-integrated density p we have that 



Np = t 



(106) 



where ^p/^t'^y^i^p and Sp/dr^^^^^p denote the variational derivatives of p with 
respect to the fields. If p*^'^ is a homogeneous polynomial of order Z > in the 
fields |^A^ti/|K' '''/Ji/iK/?} their derivatives, then Np^'-^ = lp^'-\ Using (I104p 
and (11061) . we find that 



Nujo 



.W 



XfiwylKcr 



We expand U2 according to the various eigenvalues of N like 



0J2 



E 



(0 
2 5 



(107) 



(108) 



where Nui2^ = /w2^ such that 



(0 



NU2 = luj. 



m 

2 • 



(109) 



l>0 
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Comparing fllUTI) with f ll09p , we reach the conclusion that the decomposition 
(11081) induces a similar decomposition with respect to W^^'^"'^'^'^ and jjj^'^^^'^^'^ 

_ J2 H^^j:'^)"", [/A'-^l^/?- _ J2 U^^^%^\ (110) 
l>0 l>0 

Substituting (IllOp into (I107P and comparing the resulting expression with 
(11091) . we obtain that 

Introducing (1 11 II) in (llOSp . we arrive at 

^2 = K^.^^^W^/'"'^'''' + F^^^^^p^Ur^^^'^ + (112) 

where 



Z>0 />0 

Applying 7 on ( ]112p . we infer that a necessary condition for the existence 
of solutions to the equation 'yu2 = df^jl^ is that the functions y/^^"^^'^'^ and 
jy-Mf7|K^o- gj^^gj,jj^g [ \\\2\\ must satisfy the equations 

^m!^7|«/3«^^7a ^ ^Am/^7|«^^Ia = 0- (116) 

The general solution to equations (I114l) - (lll6p reads as 

^^pmx "^pmx 

^puj\Kl3a^7A + ^Xf,u^\Ka^^ " OrOoH^ , (118j 

^^pmx "^PSCIX 
27 



where the functions Ea^^^^^^ and H^^^^^^ are derivative-free and exhibit the 
mixed symmetries (3, 3) and (4, 2) respectively. By direct computations we 
deduce 

p'&'Wx' p"i"Wx" 

'~"'p'i'i'\x'^^p"5"^"\x" 
Q2 ( ^pSrlixO ^ ^pSelixr 



p'S'Wx'^ p"S"i"\x" 
+ 7P 9rderl,s'\^>x' + T^Tb drdetf,^,^,^^,, (119) 

^ P'<5'IC'X' "p'5'C'lx' 
^2^P'55t|x^' 

drdeH'^''^ = -— (^eV^'IC'x') ('5^'"p"<5"|5"x") 

P'<5'I5'X' P"'5"l?"x" 
+ ^rB nIC (^^'V^'C'lx') (^^V5"«"|x") 

p'5'€'lx' p"<5"C"lx" 



^2 ^f/'^'^^'^l'^^ _|_ ffl^i^l^'^ 
P'5'I?'X''^''P"<5"5"|X" 



(f^e^p'<5'|ex') (^^'^P''<5"€"|X") 



^^^K'&'Wx' + drdet%,^,\^,. (120) 

'^V'^'IS'x' "p'<5'e'lx' 

Substituting flTT9|) -( fT20|) in (lTT71) - (fTT8|) and comparing the left-hand sides 
with the corresponding right-hand sides of the resulting relations, we find 
the necessary equations 



p'S'Wx''^' p"&"W'x" ^^P'&'i'\x'^^p"&"ii"\x 

Q2j^p5iAxS Q2-^p6ir\xd 



0, TSIB ^ = 0, (121) 

0, (122) 



^' p'S'Wx'^' p"5"W'x" '^^P'&'i'W^ p"&"i"\x 



ps^rixe , fjpS^eixA 



fj b afB ' a h afB 

p'S'Wx' p"S"£,"\x" p'&'Wx' p"&"^"\x 



0' —tb = 0- (123) 
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The above relations allow us to write 



■'- ( i^psrl^xe _i_ j^pse\(xr\ _ r^pSrlixeip'S'iex'b , r^pse\^xT;p'S'e\x'+B 



■'s'eix'. 

P'S'I^'X' ^ ^aB V'J'elx'' 

(124) 

1 /^7TP<5€T|xe , TjpSmxA _ /ypS^r\xe;p'5'\ex'b , /ypSiT\xd;p'S'e\x' +B 

A J—^Ab ' p'S'\S,'x' ^ ^ AB V^'^'lx'' 

(125) 

where the quantities denoted by C or (7 are some non-derivative, real tensors, 
with the expressions 

(jpST\£,xe;p'5'\ex' ^ ^Pir\£,xd;p'5'\ex' _^ ^Pm^xr;p' 5'Wx' (^]_26) 

^P&e\i,xr;p'5'£.'\x' ^ nP^r\i.xe;p'5'£.'\x' , nP^mxr;p'5'<i'\x' q27) 

ApS^T\xe;p'5'\ex' r'P^^T\xe;p'5'\ex' , r<P^mxr;p'S'Wx' /i98^ 

'-'Ab - ^Ab +^Ab ' U^^J 

^pS^T\xe;p'5'e\x' _ rP^^T\xe;p'S'e\x' , rP^mxr;p'S'e\x' /i9Q^ 
^AB - ^AB + <-^AB • U-^yj 

Wherever two sets of indices are connected by a semicolon, it is understood 
that the corresponding tensor possesses independently the mixed symmetries 
with respect to the former and respectively the latter set. On the other hand, 
it is obvious that 

d^deEPj^\^^^ = (Ef + , (130) 

d^deHf^^''' = ^drde [Hf^^""' + Hf'^^'^y (131) 
so equations flll7p - flll8l) become 

T?b ^'^6 I T^B UVVq 



P<5|?X P<5|5x 
_ r^p<5-r|Cxe;p'5'l5'x'Q n ^6 , rP^e\iixT\p'S'i.'\x' p, a +B (^r>o\ 

-^ab (JrOerp,si\^'^' + '^aB '^rO'eV^'e'lx' ' ^^^"^i 

jpb ^'-^b 1 T{B UVV B ^ 

p^S,\x p5g|x 

_ AP^^Tlx^ip'^'IC'x'a f) ^b I Ap55T|xe;p'5'r|x'o a B /.ooN 

— '^Ab ^rOerp^s'i^'x' ~^ ^AB OrOetpisi^'\y^'- U-J-Jj 

Taking the partial derivatives of equations fll32p and fll33p with respect to 
^■r^sr^p'&'Wx' ^"^^ ^^"^f^^S'^'ix'' ^^^^'^ relations 

^^b _ J,P'^7|K/3o-;p5|€x B _ iXpu'y\Ka\pS\£,x (^'3A\ 

^' p^x ^' pmx 
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dU, 



where k>^^'r\-P'''P^\^'' , ^V-7l«<x;p5|Cx^ ^m^7|«/3-;p55|x^ ^^^^^ ^.;^.7i™;po„x ^^^^^^ ^^^^ 
non-derivative, constant tensors. By means of relations fll34p and fll35p we 
obtain (up to some irrelevant constants) 



b 

B 



k 



p.u^\KP(7;p5\e,x^a 



ba 



r\puy\Ka;pS\£,x^a 
Ba ' pS\(,X 



+ k 



/ii^7|K^cr;p5g|X .A 
bA V^CIx' 

Xpuj\Ka;pS^\x.A 



BA 



(136) 
(137) 



From the expression of U2 given by f lll2p we notice that the terms k 



pu'r\Kl3a;p6\£,Xn 



ba 



r^XfiwrlKaipS^lx.A 
-BA ^p5(\x 

cross-interactions. For this reason, we take 



and kn^A^^'^"'^"''^'^t"^^c\^ appearing in (11360 and (I137P bring no contributions to 



k 



fj,iy'y\Kl3a;p5\^X 



0, 



■^XpwylKaipS^lx 



0, 



"ba ~ "'BA 

such that (up to a total, irrelevant divergence) U2 takes the form 



, , _ i,V''7|Ko-;P<5|?X T^A a 
^"i — '^Aa ^XpiyylKa' pS\^x 



_j_ ^P'^l\i^P'^\p5i\x pa 



pu'y\Kf3a''pS^\x- 



ti 



(138) 



(139) 



The most general expression of j^^^^^'^'^'^'P^^^^ jg represented by 



rA^ji/7|Ko-;p5|$x 
"-Aa 



CAa 
1 



1 

a' 



1 



24 ^ ^ ^ 



(140) 



which then yields 



,Xpi^y\KCT;p5\^X T^A 
'^Aa ^ 



A^i^7|k(t'"p(5|^X 



CAa£ ^pS\ix^Xpvy\ ' 



(141) 



with CAa some real constants. On the other hand, there exist non-trivial 

zo 

(142) 



constant tensors of the type ^^^'^''^'^"'''"'^l^^ they all lead in the end to 



j^piyy\Kl3a-,pS^\x pa 



pu"/\Kl3a''pSS,\x 



= 
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due to the algebraic Bianchi I identities F^^^^^,^^^^ = 0. Such constants have 
an intricate and non-illuminating form, and therefore we will skip them. 
Inserting ffT4B and ffT42D in ffT39|l . we deduce 

^2 = CAa^''^^^'''r^^.|,x<..|'" (143) 

Acting with 7 on fll43p . it is easy to see that 

= -2cAas"''''''' i^i^Kj) ^ ^mJ2^ (144) 

where K^^^^^ is the trace of the curvature tensor i^;!^^,,^, K^^^^ = K^^^^^^p- 
It is worthy to notice that 7a;2 7^ d^j^ji^ follows from the differential Bianchi 
II identity d^K^^^^^'^^ = d[xK^^^^^^. Due to ([HID, we must take 

CAa = 0, (145) 

and hence 

U2 = 0. (146) 
Replacing f lTU2]) . and ffM in ([20]), we finally find (IMj). 
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